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Free surface convection in a bounded cylindrical
geometry : note on the role of surface adsorption
and solute accumulation at the air-liquid interface
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Abstract—The onset of steady two-component Bénard convection in a cylindrical geometry with a free

surface is studied with due consideration given to the adsorption and eventual accumulation of a solute at

this free surface. To a first approximation the effect of the latter processes upon the critical Marangoni
and Rayleigh number is given.

1. INTRODUCTION

ReceNTLY, Narayanan and co-workers [1-3] studied
the onset and weakly non-linear development of
steady Bénard convection in a cylindrical geometry.
They reported some interesting mathematical findings
when buoyancy and surface tension gradients act sim-
ultaneously. On the other hand, one of the present
authors has also, recently, treated the onset of buoy-
ancy-driven instability in a two-component fluid cyl-
indrical layer [4, 5]. It was shown that the aspect
ratio and the second component either compete or
cooperate in delaying the onset of instability thus
enhancing or reducing the buoyancy force. In this
paper we extend the results reported in refs. [4, 5] by
letting the upper surface of the cylinder become free.
As we shall restrict consideration to the onset of
steady convection and not consider the development
of cellular patterns, the assumption of initially axisym-
metric disturbances for flat cylinders is compatible
with experiment [6, 7] and with the assumptions used
by Narayanan and co-workers {1, 2]. Then we point
out up to what extent adsorption and eventual
accumulation of solute, the second component, at the
free surface affect the onset of instability.

2. FORMULATION OF THE PROBLEM

We consider a motionless binary liquid mixture in
a vertical cylinder of height L and horizontal diameter
2r. When the initially homogeneous layer is heated
from below the Soret effect distributes the components
in accordance with the value given to the thermal
gradient (AT/L, where T denotes temperature) until
the mass and heat fluxes balance each other. If the
upper air-liquid free surface is impervious to mass
transfer and we neglect evaporation the solute may,
however, be adsorbed and may, eventually accumu-
late there.

In the simplest case the thermohydrodynamic equa-
tions describing the evolution of small disturbances

upon the quiescent state are [8]

divu=0 (€))]
onfot = —(1/p,) grad p+(9p/po)gk+vV2u (2)
06/0t—w(AT/L) = xV?0 3)

onjot—w(AN, /L) = DV?n+ NIND'V?0  (4)

together with the following boundary conditions
(b.c):

at the bottom (z = 0)

u=20 5)
0=0 (6)
D(0n/0z)+ NIND'(06/0z) = 0; @)

at the free surface for simplicity assumed unde-
formable (Z = L)

w=_0 ®)
26/0z = 0 ©)
~D(0n/dz) — NINID'(06/6z) = kyn—k_,y (10)

an
@y/en)+Tdiv,w*—D,VYy = k;n—k_,y. (12)

pov(Ow®/dz) = grad, o

We also assume the lateral walls to be rigid, i.e.
u = 0 at the periphery, and the following two equa-
tions of state

p = po(1—afd+pn) 13
0 = 04+ (00/0T)0+(9a/0N ). (14)

For later convenience and universality in the argu-
ment we rescale the problem in order to have dimen-
sionless quantities and to sort out the relevant physical
parameters. As in ref. [4] we choose the following
scales : unit length, r; unit time, r?/x, with x the ther-
mal diffusivity (thermometric conductivity) ; velocity,
xL/r*; temperature, AT; concentration (mass frac-
tion) of, say, component ‘one’, AN,; surface con-
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NOMENCLATURE
A, A¥ adsorption number (according to units D pressure field disturbance
used) R,R* Rayleigh number (according to units
D mass diffusivity used)
D’ Soret mass diffusivity r radius of cylinder
D, surface mass diffusivity o inverse Lewis number
E E* celasticity (solutal Marangoni) number ry surface inverse Lewis number
(according to units used) S Soret number (buoyancy ratio)
f aspect ratio T temperature
g gravitational acceleration Lt velocity field, components (i, v, w) or
H,H* surface excess-solute number (s g, W)
(according to units used) v surface velocity.
h dimensionless height
J, nth-order Bessel function Greek symbols
k,k*  Fourier wave number (according to o thermal expansion coefficient of liquid
units used) mixture
k unit vector in the z-direction B volume expansion due to variation of
k., k_, adsorption, desorption coefficients the mass fraction N,
L height of liquid layer r mass fraction of component ‘one’ at
M, M* thermal Marangoni number (according free surface
to units used) ¥y disturbance of T’
N,N*  concentration near surface relative to 0] temperature disturbance
solute gradient K thermal diffusivity of liquid mixture
N, mass fraction of component ‘one’ v kinematic viscosity of liquid mixture
N9, N9 mass fraction reference values a air-liquid surface tension
n disturbance of N, p density of fluid or radial coordinate (in
P Prandtl number different paragraphs).

centration, T°AN, /N¢; and pressure, povkL/r’. Thus
in dimensionless form the equations are (no confusion
is expected although we use the same notation for
dimensional and dimensionless quantities)

diva=0, u=(uo,w) (15)
P~ (0u/dr) = —gradp+ R*0k+ R*Snk+V?>u  (16)
86/0t = V04w an
onjot = rpVi(n—0)+w (18)
together with the b.c.
atz=0
nw=0=90rn-0)oz=0; 19)
atz=Lir="nh
w=00/0z=0 20
on/éz = A¥(y—n) 21
o' f0z = —M*grad, 0—E*rpgrad,y  (22)
H*(@y/ot+ N*div,w* —rp Vi) = n—y;  (23)

where we have introduced the following groups:
P =v/k;rp=DjK; R* = agr*AT/vkL, S = —BAN,/
aAT, A¥ =k,r/D, H* =%k N, N*=LN}/
rAN,, h=L/r, ryp = Dk, M* = —(0o/
aT)r*AT/pvkL. and  E* = —(8a/0D)I°r* AN,/

pvDLNY. H* accounts for the excess-solute accumu-
lation at the air-liquid interface.

3. RESOLUTION OF THE PROBLEM AND
RESULTS

As in ref. [4] we have used a Galerkin method with
cylindrical coordinates (p, ¢, z) and the following trial
solutions :

u, = z(3z—2h) cos ngpU(p) (24)
uy = z(3z—2h)sinnpV(p) (25)
w=u, = —z*(z—h) cosn¢ W(p) (26)
6 = z(z—2h)cos np W(p) 27
n == 2zhcosnp W(p) (28)
y = 2h* cosnd W(p) 29

with
U(p) = — [ (k*p)~ T (k*)p"* "1[k* T, (k*)  (30)
Vip) = nlJ,(k*p)[p—J,(k*)p"* "Vk**J,(k*)  (31)
W(p) = [J.(k*p)/ ], (K*)] —p"- (32

Note that u,, u, and w satisfy continuity equation
(1) so that

U +Ulp+nVip—W=0. (33)



Free surface convection in a bounded cylindrical geometry

Here and earlier a prime denotes a derivative with
respect to the corresponding argument.

Then using the above indicated trial functions the
standard Galerkin method [9] yields the neutral stab-
ility loci. As the analytical expressions of these loci
involve rather cumbersome, albeit elementary
relations between all the parameters in the problem
we shall report here the results found in table and
figure form only. Note that in ref. [4] we used two
groups of scales (for tall and flat cylinders, respec-
tively). Here the second set of scales can be obtained
by writing

f=1h, kf=k* R=uogL’AT/vk
M = —(06/{0T)LAT/pvx
E = —(60/0T)°LAN/pvDN?
H = kT°/k,N3L>
N =NY/AN,
and
A, = k,L/D.

In Table 1 we provide the critical values for the
solutal (elasticity) Marangoni number, E, when we
set to zero the Rayleigh, R, the thermal Marangoni,
M, numbers and the buoyancy ratio, S. Values of E
are given as we vary the aspect ratio f as well as
the excess-solute number, H. The latter has a slightly
stabilizing effect. With data from ref. [10] H is gen-
erally in the range 10~%-10~".

Figure 1 depicts the neutral stability curves in the
plane (E, H) as we vary the Rayleigh and thermal
Marangoni numbers.

Figure 2 shows how the (E, R) neutral stability
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Fi1G. 1. Thermosolutal convection with a free surface. Neutral

stability lines for the onset of solutal convection when we

have excess-solute accumulation at a free surface. Values of

the solutal (elasticity) Marangoni and excess-solute numbers

are given for various choices of the Rayleigh (R) and thermal
Marangoni (M) numbers.
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Table 1. Critical solutal (elasticity) Marangoni numbers for

various aspect ratios of the cylinder, f, and the excess-solute

number, H. j is the number of zeros of the Bessel function
Jop) R=M=8=0,4,=rp=r5, =00land N=10

H=0.00 H=0.05 H=0.10
A E J E J E j
2.8 79.6 2 105.9 1 151.6 1
4 78.8 3 106.9 2 162.4 2
5.2 78.6 4 108.0 3 150.7 2
6.4 78.4 4 109.1 4 150.7 3
7.6 78.2 5 108.2 4 153.6 4
8.8 78.2 6 107.8 5 150.8 4
10 78.2 7 107.8 6 150.7 5
1
E

F1G. 2. Thermosolutal convection with a free surface. Neutral
stability lines for the onset of instability as we vary the excess-
solute number, H, and the buoyancy ratio, S. E is the solutal
(elasticity) Marangoni number and R the Rayleigh number.
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F1G. 3. Thermosolutal convection with a free surface. Neutral

stability lines in the plane of both Marangoni numbers, M

and E, as we vary the Rayleigh and the excess-solute accumu-
lation numbers, R and H, respectively.

lines are affected by the values taken by the excess-
adsorption parameter, H. We also show here the
influence of the buoyancy ratio. It appears that H has
no influence upon the critical values of the Rayleigh
number whereas the buoyancy ratio does not alter the
critical elasticity number.

Figure 3 depicts the neutral stability lines in the (M,
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E) plane as we vary the Rayleigh and the excess-solute
numbers. Again the latter plays a stabilizing role
whereas the former is indeed destabilizing when the
layer is heated from below.

Finally, within a reasonable 15% deviation and
limiting ourselves in each reference to the appropriate
case, we have recovered earlier reported results [1-3,
8, 11,12}
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CONVECTION AVEC SURFACE LIBRE DANS UNE GEOMETRIE CYLINDRIQUE:
NOTE SUR LE ROLE DE L’ADSORPTION DE SURFACE ET DE L’ACCUMULATION DE
SOLUTE A I'INTERFACE AIR-LIQUIDE

Résumé—La mise en place de la convection de Benard avec deux composants, dans une géométrie

cylindrique, avec une surface libre, est étudiée en considérant I'adsorption et 'accumulation éventuelle

d"un soluté a cette surface libre. En premiére approximation, on donne Veffet de ces mécanismes sur les
nombres critiques de Marangoni et de Rayleigh.

KONVEKTION IN EINER BEGRENZTEN ZYLINDRISCHEN GEOMETRIE MIT
FREIER OBERFLACHE: ANMERKUNG UBER DEN EINFLUSS DER
OBERFLACHENADSORPTION UND DER ANREICHERUNG DES GELOSTEN
STOFFES AN DER LUFT-FLUSSIGKEIT-GRENZFLACHE

Zussmmenfassung—Das Einsetzen der stationdren Bénard-Konvektion zweier Komponenten in einer

zylindrischen Geometrie mit freier Oberfliche wird betrachtet. Besondere Aufmerksamkeit gilt dabei der

Adsorption und der mdglichen Anreicherung des geldsten Stoffes an der freien Oberfliche. Fiir den Einflufl

des letzteren Prozesses auf die kritische Marangoni- und Rayleigh-Zahl wird eine erste Abschdtzung
gegeben.

KOHBEKILIMS B OTPAHMYEHHOM OBBEME IWJIMHIPUYECKOH ®OPMbI CO
CBOBOJHO¥ TOBEPXHOCTBIO: POJIb TIOBEPXHOCTHOM ABCOPBLIMM M TPOLIECCA
HAKOITJIEHUSL PACTBOPEHHOI'O BEIECTBA HA TPAHMLIE PA3JENA
BO3AVX - XHJKOCTh

Amoramus—MccnenyeTcs BOIHHKHOBCHRE CTaUMOHAPHOH Xomsexuuu BepHapa, BHIIBAHHOH IBYMA

MEXaHH3MAaMH, B obbeMe mumEApIIccKoll GopMu co caobommoii nosepxHocTbIo. Ocoboe BHAMaNHHE

o6paireno Ha aacopOIMIO H BOIMOXHOE HAKOMIEHYE PACTBOPEHHOTO BEIECTBA HA 3TOH NOBEPXHOCTH. B
niepsoM nprGIAKCHAH TIOKA3AHO BAMAHAS 3THX BPOUECCOB HA KPHTHYECKUS YHC/IA Mapanrons u Pones.



